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Abstract. Let R be a commutative local noetherian ring, and let L and L' 
be R-modules. We investigate the properties of the functors Tor^(L, — ) and 
Ext^(L, —). For instance, we show the following: 

(a) if L is artinian and V is noetherian, then Hom^j(L, L') has finite length; 

(b) if L and L' are artinian, then L ®r L' has finite length; 

(c) if L and L' are artinian, then Torf (L,Z/) is artinian, and Ext^(L, L') 
is noetherian over the completion R; and 

(d) if L is artinian and L' is Matlis reflexive, then Ext^(L, L'), Ext^(L', L), 
and Torf (L, L') are Matlis reflexive. 

Also, we study the vanishing behavior of these functors, and we include com- 
putations demonstrating the sharpness of our results. 



Introduction 

Throughout this paper, let R be a commutative noetherian local ring with max- 
imal ideal m and residue field k = R/m. The m-adic completion of R is de- 
noted R, the injective hull of k is E = Ea(k), and the Matlis duality functor 
is (-) v =Kom R (-,E). 

This paper is concerned, in part, with properties of the functors Hohia(A, — ) 
and A — , where A is an artinian R- module. For instance, the following result 
is contained in Corollaries 12.121 and 13.91 

Theorem 1. Let A, A 1 and N be R-modules such that A and A 1 are artinian and 
N is noetherian. Then the modules Horn r (A, N) and A (gin A' have finite length. 

This follows from the fact that A A' can be described as the tensor product 
of two finite length modules, and an analogous description holds for Hom^(A, N). 

In light of Theorem [U it is natural to investigate the properties of Ext l R (A, — ) 
and Torf (A, -). In general, the modules Ext^(A, N) and Torf (A, A') will not have 
finite length. However, we have the following; see Theorems 12.21 and 13.11 

Theorem 2. Let A be an artinian R-module, and let i ^ 0. Let L and L' be R- 
modules such that A4(£) and (if{L') are finite. Then Ext l R (A,L) is a noetherian 
R-module, and Torf (A, L') is artinian. 
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In this result, we are using the ith Bass number n R {L) := \en R (Ext R (k, L)) 
and the ith Betti number /3f(L') :— len^(Torf (fc, L')). For instance, these are 
both finite for all i when L and L' are either artinian or noetherian. In particular, 
when A and A' are artinian, Theorem [5] implies that Ext R (A,A') is a noetherian 
i?-module. The next result, contained in Theorem 14.31 gives another explanation 
for this fact. 

Theorem 3. Let A and A' be artinian R-modules, and let i ^ 0. Then there is 
an isomorphism Fixt R (A, A') = Ext~(A' v , A v ). Hence, there are noetherian R- 
modules N and N' such that F,xt R {A,A') = Ext- (TV, N'). 

This result proves useful for studying the vanishing of Ext l R (A, A'), since the 
vanishing of Ext~(7V, N') is somewhat well understood. 

Our next result shows how extra conditions on the modules in Theorem [5] imply 
that Ext R (A,L) and Torf (A,L') are Matlis reflexive; see Corollaries 12.41 and 13.31 

Theorem 4. Let A, L, and L' be R-modules such that A is artinian. Assume that 
R/(Arm R (A) + Aim R (L)) and R/(Aim R (A) + Anri R (L')) are complete. Given an 
index i ^ such that ^ R (L) and j3f'(L') are finite, the modules F,xt l R (A,L) and 
Torf (A, 27) are Matlis reflexive. 

A key point in the proof of this theorem is a result of Belshoff, Enochs, and 
Garcia Rozas [3] : An R- module M is Matlis reflexive if and only if it is mini- max 
and Rj Arnifj(M) is complete. Here M is mini-max when M has a noetherian 
submodule N such that M/N is artinian. In particular, noetherian modules are 
mini-max, as are artinian modules. 

The last result singled out for this introduction describes the Matlis dual of 
Ext^(M, M') in some special cases. It is contained in Corollary 14. Ill 

Theorem 5. Let M and M' be mini-max R-modules, and fix an index i ^ 0. // 
either M or M' is Matlis reflexive, then Ext 4 fl (Af, M') v = Torf (M,M' V ). 

We do not include a description of the Matlis dual of Torf (M, M'), as a standard 
application of Hom-tensor adjointness shows that Torf (M, M') v = Ext^.(M, M' v ). 

Many of our results generalize to the non-local setting. As this generalization 
requires additional tools, we treat it separately in [S]. 

1. Background material and preliminary results 
Torsion Modules. 

Definition 1.1. Let o be a proper ideal of R. We denote the a-adic completion of 
R by R a . Given an i?-module L, set T a (L) = {x e L \ a n x = for n > 0}. We say 
that L is a-torsion if L = T a (L). We set Supp fl (L) ={pe Spec(i?) | L p ^ 0}. 

Fact 1.2. Let o be a proper ideal of R, and let L be an a-torsion i?-module. 

(a) Every artinian i?-module is m-torsion. In particular, the module E is m-torsion. 

(b) We have Supp fi (L) C V(a). Hence, if L is m-torsion, then Supp fl (L) C {m}. 

(c) The module L has an i? a -module structure that is compatible with its i?-module 
structure, as follows. For each x £ L, fix an exponent n such that a n x = 0. For 
each r £ R a , the isomorphism R a /a n R a = R/a n provides an element ro £ R 
such that r — r G a n R a , and we set rx :— r n x. 
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(d) If R/a is complete, then R a is naturally isomorphic to R. 

Lemma 1.3. Let a be a proper ideal of R, and let L be an a-torsion R-module. 

(a) A subset Z C L is an R-submodule if and only if it is an R a -submodule. 

(b) The module L is noetherian over R if and only if it is noetherian over R a . 

Proof, (jg) Every i?°-submodule of L is an i?-submodule by restriction of scalars. 
Conversely, fix an i?-submodule Z C L. Since L is a-torsion, so is Z, and Fact ll.21j cj) 
implies that Z is an i? a -submodule. 

Jbj) The set of i?-submodules of L equals the set of i? a -submodules of L, so they 
satisfy the ascending chain condition simultaneously. □ 

Lemma 1.4. Let a be a proper ideal of R, and let L be an a-torsion R-module. 

(a) The natural map L — > R a <S>r L is an isomorphism. 

(b) The left and right R a -module structures on R a ®r, L are the same. 

Proof. The natural map L — > R a <E)r L is injective, as R a is faithfully flat over R. 
To show surjectivity, it suffices to show that each generator r <E> x G R a ®# L is of 
the form 1 (g) x' for some x' € L. Let n ^ 1 such that a n x — 0, and let ro £ R such 
that r — ro G a n R a . It follows that r<S>x = ro<Eix = l<E) (rox), and this yields the 
conclusion of part (gj). This also proves (0 because 1 ® (r Q x) = 1 (g) (ra). □ 

Lemma 1.5. Let a be a proper ideal of R, and let L and L' be R-modules such 
that L is a-torsion. 

(a) If L' is a-torsion, then Homft(L, L') = Homg„ (L, L'); thus L v = rlorn^, (L, E). 

(b) One has Hom H (X, L') Kom R {L,T a (L')) = Rom Ra (L,T a (L')). 

Proof, (jaj) It suffices to verify the inclusion Homn(L, L') C Hom Ra (L, L'). Let 
x G L and r G and fix ^ G Hom/j;(L, L'). Let n ^ 1 such that a™ a; = and 
a^i/K^) = 0. Choose an element ro G R such that r — ro G a n i? a . It follows that 
ip{rx) = tp(rox) = roip(x) = rip(x); hence tj) G Homs t (L,L'). 

jbj) For each / G Hom/j(L, L'), one has Im(/) C r a (L'). This yields the desired 
isomorphism, and the equality is from part (jaj). □ 

A Natural Map from Torf(L,L' v ) to Ext^(L,L') v . 

Definition 1.6. Let L be an i?-module, and let J be an i?-complex. The Horn- 
evaluation morphism 

6 LJE ■ L ® R Hom fl (J, E) -> Hom fl (Hom fl (L, J),E) 

is given by 9 LJE (l (g> ip)(<p) = ip{<p{l))- 

Remark 1.7. Let L and V be R- modules, and let J be an injective resolution 
of L' . Using the notation (— ) v , we have Blje'- L (S)r J v — > Hom^(L, J) v . The 
complex J v is a flat resolution of L' v ; see, e.g., j6j Theorem 3.2.16]. This explains 
the first isomorphism in the following sequence: 

Torf(L,L' v ) ^>H,(L® fl J v ) H -^^> > Hi (Hom fl (L, J) v ) A Ext l R (L, L') v . 

For the second isomorphism, the exactness of (— ) v implies that H.;(Homfl(L, J) v ) = 
ff (Hom fl (L, J)) v S Ext^(L,L') v . 
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Definition 1.8. Let L and L' be -R-modules, and let J be an injective resolution 
of L' . The R- module homomorphism 

& LV : Torf(i,i' v )^Ex^(L,L') V 
is defined to be the composition of the the maps displayed in Remark If .71 

Remark 1.9. Let L, L' , and N be i?-modulcs such that N is noetherian. It is 
straightforward to show that the map O l LL , is natural in L and in L' . 

The fact that E is injective implies that & l NL , is an isomorphism; see [15l 
Lemma 3.60]. This explains the first of the following isomorphisms: 

Ert R (N, L') y = Torf (N, i' v ) Torf (L, L') v = Extjj(£, L iy ). 

The second isomorphism is a consequence of Hom-tensor adjointness, 

Numerical Invariants. 

Definition 1.10. Let L be an i?-module. For each integer i, the ith Bass number 
of L and the ith Betti number of L are respectively 

/4(£) = \en R (Ext R (k,L)) /3f (Z) = len fl (Torf (k, L)) 

where len^(L') denotes the length of an i?-module L'. 

Remark 1.11. Let L be an i?-module. 

(a) If J is a minimal injective resolution of L, then for each index i ^ such that 
H R {L) < oo, we have P = E i *r( l ' © J 1 where J 1 does not have E as a summand, 
that is, L m (J l ) = 0; see, e.g., [T^l Theorem 18.7]. Similarly, the Betti numbers 
of a noetherian module are the ranks of the free modules in a minimal free 
resolution. The situation for Betti numbers of non-noetherian modules is more 
subtle; see, e.g., Lemma If. 191 

(b) Then (i R {L) < oo for alii ^ if and only if /3f(L) < oo for all i ^ 0; see [TQl 
Proposition 1.1]. 

When a = m, the next invariants can be interpreted in terms of (non) vanishing 
Bass and Betti numbers. 

Definition 1.12. Let a be an ideal of R. For each i?-module L, set 
depth fl (a; L) = inf{i ^ | Ext R (R/a, L) ± 0} 
width H (a; L) = m£{i ^ | Torf (R/a, L) ^ 0}. 

We write depth fl (L) = depth fl (m; L) and widthfl(i) = width^m; L). 
Part |b| of the next result is known. We include it for ease of reference. 

Lemma 1.13. Let L be an R-module, and let a be an ideal of R. 

(a) Then widtliR(a; L) = dcpth fl (a; L y ) and width^a; L v ) = depth fl (a; L). 

(b) For each index i ^ we have /3f (L) = Hr(L v ) and /3f-(L y ) = (J, R (L). 

(c) L = aL if and only if depth^(a; L v ) > 0. 

(d) L y = a(L v ) if and only if depth R (a; L) > 0. 

(e) depth^(a;i) > if and only if a contains a non-zero-divisor for L. 
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Proof. Part (jaj) is from Proposition 4.4], and part ((bj) follows directly from this. 

([cj) — (JdJ) These follow from part (jaj) since L = aL if and only if widthfl (o; L) > 0. 

(jlj) By definition, we need to show that Hom R (R/a, L) = if and only if a 
contains a non-zero-divisor for L. One implication is explicitly stated in [5j Propo- 
sition 1.2.3(a)]. One can prove the converse like [5j Proposition 1.2.3(b)], using the 
fact that R/a is finitely generated. □ 

The next result characterizes artinian modules in terms of Bass numbers. 
Lemma 1.14. Let L be an R-module. The following conditions are equivalent: 

(i) L is an artinian R-module; 

(ii) L is an artinian R-module; 

(iii) R ®r L is an artinian R-module; and 

(iv) L is m-torsion and ^° R {L) < oo. 

Proof, (jlj) (fry]) If M is artinian over R, then it is m-torsion by Fact ll.2l( aj). 

and we have [A(L) < oo by [6j Theorem 3.4.3]. For the converse, assume that L 
is m-torsion and /z° = (J> R (L) < oo. Since L is m-torsion, so is E R {L). Thus, we 
have Er(L) = , which is artinian since /j, < oo. Since L is a submodule of the 
artinian module E R (L), it is also artinian. 

To show the equivalence of the conditions (jl|)- (plil) . first note that each of these 
conditions implies that L is m-torsion. (For condition (fnlj) . use the monomorphism 
L — > R ®fl L.) Thus, for the rest of the proof, we assume that L is m-torsion. 

Because of the equivalence (jl| (jiv]) - it suffices to show that 



Lemma 1.15. Let L be an R-module. 

(a) The module L is noetherian over R if and only if L y is artinian over R. 

(b) If L y is noetherian over R or over R, then L is artinian over R. 

(c) Let a be a proper ideal of R such that R/a is complete. If L is a-torsion, then 
L is artinian over R if and only if L v is noetherian over R. 

Proof, (jaj) Assume first that L is noetherian. Then L is a homomorphic image of 
R b for some integer 6^0. It follows that L v is isomorphic to a submodule of the 
artinian module (i? b ) v = E b , so L v is artinian. 

For the converse, assume that L v is artinian, and fix an ascending chain L\ C 
L2 C • • • of submodulcs of L. Dualize the surjections L -» L/L\ -» L/L2 -» 
to obtain a sequence of monomorphisms • • • <^-> (LjL^Y {L/ Li) v ^ L v . The 
corresponding descending chain of submodules must stabilize since L v is artinian, 
and it follows that the original chain L\ C L 2 Q • • • of submodules of L also 
stabilizes. Thus L is noetherian. 

jb| Argue as in part (jaj). 

(jcj) Assume that L is o-torsion. One implication is from part (jbj). For the con- 
verse, assume that L is artinian over R. Lemma fl . 1 41 shows that L v = Horn 3 (L, E) 
is artinian over R; see Lemma fl~5liaj ) . From [12l Theorem 18.6(v)] we know that L 
is noetherian over R, so Lemma ll.3l|b| implies that L is noetherian over R. □ 



l i° R {L) = l A{L) = l A{R® R L). 



These equalities follow from the next isomorphisms 

Hom^(fc, L) = Homjj(fc, L) = Homg(fc, R €3^ L) 
which are from Lemmas ll.5[jaj) and 11.41 respectively. 



□ 
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Mini-max and Matlis Reflexive Modules. 

Definition 1.16. An i?-module M is mini-max if there is a noetherian submodulc 
N C M such that M /N is artinian. 

Definition 1.17. An R- module M is Matlis reflexive provided that the natural 
biduality map 8m '■ M — > M vv , given by Sm{x)(iP) — ift(x), is an isomorphism. 

Fact 1.18. An R- module M is Matlis reflexive if and only if it is mini-max and 
R/ Amifl(M) is complete; see (3j Theorem 12]. Thus, if M is mini-max over R, 
then R<Z)r M is Matlis reflexive over R. 

Lemma 1.19. If M is mini-max over R, then j3f'(M), fi l R (M) < oo for all i ^ 0. 

Proof. We show that n R (M) < oo for all i ^ 0; then Remark I l.lllfb]) implies that 
Pf'(M) < oo for all i ^ 0. The noetherian case is standard. If M is artinian, then 
we have /jP = /jP r (M) < oo by Lemma [1.141 since is artinian, an induction 
argument shows that fj, R (M) < oo for all i ^ 0. One deduces the mini-max case 
from the artinian and noetherian cases, using a long exact sequence. □ 

Lemma 1.20. Let L be an R-module such that R/ Aiuir(L) is complete. The 
following conditions are equivalent: 

(i) L is Matlis reflexive over R; 

(ii) L is mini-max over R; 

(iii) L is mini-max over R; and 

(iv) L is Matlis reflexive over R. 

Proof. The equivalences ((TJ ^==^ §u§ and (pU|) ([iv|) are from Fact 11.181 Note 
that conditions fm|) and fry)) make sense since L is an i?,-module; see Fact 11.21 

[[H]) ==> t|Hi[) Assume that L is mini-max over R, and fix a noetherian i?-sub- 
modulc ACL such that L/N is artinian over R. As R/ Ann R (N) is complete, 
Fact ll.2lp ]l and Lemma [1.3r [a"jl imply that N is an i?-submodule. Similarly, Lem- 
mas [T731JbJ) and 11.141 imply that N is noetherian over R, and L/N is an artinian 
over R. Thus L is mini-max over R. 

([m| (|ii]) Assume that L is mini-max over R, and fix a noetherian R- 

submodulc L' C L such that L/L' is artinian over R. Lemmas ll.3lfb]) and 11.141 
imply that L' is noetherian over R, and L/L' is artinian over R, so L is mini-max 
over R. □ 

Lemma 1.21. Let L be an R-module such that m*L = for some integer t ^ 1. 
T/ien £/ie following conditions are equivalent: 

(i) L is mini-max over R (equivalently, over R); 

(ii) L is artinian over R ( equivalently, over R ); 

(iii) L is noetherian over R ( equivalently, over R ); and 

(iv) L has finite length over R (equivalently, over R). 

Proof. Lemma 11.201 shows that L is mini-max over R if and only if it is mini-max 
over R. Also, L is artinian (resp., noetherian or finite length) over R if and only if 
it is artinian (resp., noetherian or finite length) over R by Lemmas 1 1 . 141 and 1 1 . 3ljb]l . 

The equivalence of conditions (|ii]) -(pv | follows from an application of (6] Proposi- 
tion 2.3.20] over the artinian ring R/m 1 . The implication ju| (0) is evident. For 
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the implication fij => (jnj , assume that L is mini-max over R. Given a noetherian 
submodulc N C L such that L/N is artinian, the implication ([m]) => (JTTJ) shows 
that N is artinian; hence so is L. □ 

Lemma 1.22. XTie cZass of mini-max (resp., noetherian, artinian, finite length, or 
Matlis reflexive) R-modules is closed under submodules, quotients, and extensions. 

Proof. The noetherian, artinian, and finite length cases are standard, as is the 
Matlis reflexive case; see [6l p. 92, Exercise 2]. For the mini-max case, fix an exact 

sequence — > L' A L A L" — > 0. Identify L' with Im(/). Assume first that L 
is mini-max, and fix a noetherian submodule N such that L/N is artinian. Then 
L' H N is noetherian, and the quotient L' j{L' n JV) = (L' + N)/N is artinian, since 
it is a submodule of L/N. Thus L' is mini-max. Also, (N + L')/L' is noetherian 
and [L/L']/[(N + L')/L'\ = L/(N + V) is artinian, so L" = L/L' is mini-max. 

Next, assume that L' and L" are mini-max, and fix noetherian submodules 
N' C and N" C L" such that L'/JV' and L"/N" are artinian. Let xi, . . . ,n be 
coset representatives in L of a generating set for N" . Let JV = N' + Rxi + . . . + Rxh- 
Then N is noetherian and the following commutative diagram has exact rows: 

> N n V N *- N" >■ 

L' >■ L > L" *- 0. 

The sequence L'/(iV n L') L/N -)• L"/7V" ^ is exact by the Snake 
Lemma. The module L'/(N (~l L') is artinian, being a quotient of L' /N' . Since the 
class of artinian modules is closed under extensions, the module L/N is artinian. 
It follows that L is mini-max. □ 

The next two lemmas apply to the classes of modules from Lemma 11.221 

Lemma 1.23. Let C be a class R-modules that is closed under submodules, quo- 
tients, and extensions. 

(a) Given an exact sequence L' A 14 L" , if L', L" e C, then LeC. 

(b) Given an R-complex X and an integer i, if Xi € C, then FL(A) G C. 

(c) Given a noetherian R-module N , if L £ C, then Extjj(iV, L), Tov^N, L) G C. 

Proof, (jaj) Assume that L',L" G C. By assumption, Im(/),Im(g) G C. Using the 
exact sequence —> Im(/) — > L — >• Im(g) — > 0, we conclude that L is in C. 

(jb|) The module Hi(X) is a subquotient of Xi, so it is in C by assumption. 

(jej) If F is a minimal free resolution of N, then the modules in the complexes 
Honifl(i 7 ', L) and F L are in C, so their homologies are in C by part (|b|). □ 

Lemma 1.24. Let R ^ S be a local ring homomorphism, and let C be a class 
of S -modules that is closed under submodules, quotients, and extensions. Fix an 
S -module L, an R-module L' , an R-submodule L" C L' , and an index i ^ 0. 

(a) //Ext^(L,L"),Ext 4 fl (L,L7L") G C, then Ext^L, L') E C . 

(b) //Ext^(L",L),Ext 4 fl (L7L",L) G C, tAen Ext^(L',L) G C. 

(c) J/ Torf (L, L"), Torf (L, L'/L") G C, t/ien Torf (L, L') G C. 
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Proof. We prove part (jaj); the other parts are proved similarly. Apply Ext^(L, — ) to 
the exact sequence — > L" — > V — > V /L" — > to obtain the next exact sequence: 

Ext R (L,L") -> Ext R {L,L') ->• Ext R (L,L'/L"). 

Since L is an S'-module, the maps in this sequence are S'-module homomorphisms. 
Now, apply Lemma II .23l ja|. □ 

2. Properties of Ext^(M, — ) 

This section documents properties of the functors Ext#(M, — ) where M is a 
mini-max i?- module. 

Noetherianness of Ext^(A,L). 

Lemma 2.1. Let A and L be R-modules such that A is artinian and L is m-torsion. 

(a) Then Uom R (L, A) = Homg(L, A) = Hom^(A v , i v ). 

(b) If L is artinian, then Hom#(L, A) is a noetherian R-module. 

Proof, (jaj) The first equality is from Lemma ll.5f [aj) . For the second equality, the 
fact that A is Matlis reflexive over R explains the first step below: 

Hom^(L, A) Si Uom R {L,A vv ) ~ Rom R {A v ,L v ) = Rom R (A v ,L v ) 

where (— ) v = Honij|( — , E). The second step follows from Hom-tensor adjointness, 
and the third step is from Lemma ll.Sf faj) . 

(jbj) If L is artinian, then L y and A y are noetherian over R, so Hom^(yl v ,L v ) 
is also noetherian over R. □ 

The next result contains part of Theorem[2]from the introduction. When R is not 
complete, the example Hom R (E,E) = R shows that ~Ext R (A,L) is not necessarily 
noetherian or artinian over R. 

Theorem 2.2. Let A and L be R-modules such that A is artinian. For each index 
i ^ such that fJ- R (L) < oo, the module Eixt R (A,L) is a noetherian R-module. 

Proof. Let J be a minimal i?-injective resolution of L. Remark If .Ilfe j) implies that 
T m (jy = E^R^K Lemma fTTST Tb]) explains the first isomorphism below: 

Rom R (A,jy = Rom R (A,T m (jy) £ Hom H (A, E)^ L \ 

Lemma 12.11 implies that these are noetherian i?-modules. The differentials in the 
complex HoniR(A, T m ( J)) are i?-linear because A is an i?-module. Thus, the sub- 
quotient Ext R (A, L) is a noetherian R- module. □ 

Corollary 2.3. Let A and M be R-modules such that A is artinian and M is mini- 
max. For each index i 0, the module Ext#(-A, M) is a noetherian R-module. 

Proof. Apply Theorem 12.21 and Lemma Tl. 191 □ 

The next result contains part of Theorem [4] from the introduction. 

Corollary 2.4. Let A and L be R-modules such that R/ (Ann R (A) + Ann R (L)) is 
complete and A is artinian. For each index i ^ such that (i l R (L) < oo, the module 
Ext^j(A, L) is noetherian and Matlis reflexive over R and R. 
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Proof. Theorem 12.21 shows that Ext l R (A,L) is noetherian over R; so, it is Matlis 
reflexive over R. As Aim R (A) + Ann R (L) C Aim R (Ext R (A, L)), Lemmas lL3t| b|) 
and 11.201 imply that Ext l R {A, L) is noetherian and Matlis reflexive over R. □ 

Corollary 2.5. Let A and L be R-modules such that R/ (Ann R (A) + Aim R (L)) is 
artinian and A is artinian. Given an index i such that fi R (L) < oo, one has 
len R (Ext R (A, L)) < oo. 

Proof. Apply Theorem 12.21 and Lemma 11.211 □ 
Matlis Reflexivity of Ext^(M, M'). 

Theorem 2.6. Let A and M be R-modules such that A is artinian and M is 
mini-max. For each i 0, the module Ext l R (M, A) is Matlis reflexive over R. 

Proof. Fix a noetherian submodule N C M such that M/N is artinian. Since A is 
artinian, it is an i?-module. Corollarv l2. 31 implies that Ext R (M/N, A) is a noether- 
ian i?-module. As Ext R (N, A) is artinian, Lemma fl.24t( b|) says that Ext R (M, A) is 
a mini-max i?-module and hence is Matlis reflexive over R by Fact 11.181 □ 

Theorem 2.7. Let M and N' be R-modules such that M is mini-max and N' is 
noetherian. Fix an index i 0. If R/(Ann R (M) + Adhr(N )) is complete, then 
Ext^j(Af, N') is noetherian and Matlis reflexive over R and over R. 

Proof. Fix a noetherian submodule N C M such that M /N is artinian. If the ring 
R/{Ann R (M) + Ann R (N')) is complete, then so is i?/(Annfl(M/iV) + Ann R (JV'))- 
Corollarvl2Hinrplies that Ext^(M/iV, N') is noetherian over R. Since Ext R {N, N') 
is noetherian over R, Lemma ri.24[|b| implies that Ext^(M, N') is noetherian over 
R. As R/(Amx R (Ext R (M, N'))) is complete, Fact H~T8l implies that Ext R (M,N') is 
also Matlis reflexive over R. Thus Ext R (M, N') is noetherian and Matlis reflexive 
over R by Lemmas [L3l|b)) and fOOl □ 

Theorem 2.8. Let M and M' be mini-max R-modules, and fix an index i ^ 0. 

(a) If R/(Ann R (M)+Ann R (M')) is complete, then Ext R (M, M') is Matlis reflexive 
over R and R. 

(b) If R/(Ann R (M) + Arm R (M')) is artinian, then Ext R (M, M') has finite length. 

Proof. Fix a noetherian submodule N' C M' such that M 1 /N' is artinian. 

(jsjl Assume that R/(Axm. R (M) + Ann R (M')) is complete. Theorem 12 . 71 implies 
that the module Ext R (M, N') is Matlis reflexive over R. Theorem 12.61 shows that 
Ext l R (M, M'/N') is Matlis reflexive over R; hence, it is Matlis reflexive over R by 
Lemma [QUI Thus, Lemmas [TM faj) and [Qui imply that Ext R (M,M') is Matlis 
reflexive over R and R. 

(jbj This follows from part (jaj) , because of Fact 11.181 and Lemma 11.211 □ 

A special case of the next result can be found in [21 Theorem 3] . 

Corollary 2.9. Let M and M' be R-modules such that M is mini-max and M' is 
Matlis reflexive. For each index i ^ 0, the modules Ext^(M, M') and Ext R (M' , M) 
are Matlis reflexive over R and R. 



Proof. Apply Theorem [2Hjaj) and Fact li~T8l 



□ 
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Length Bounds for HoniR,(A, L). 

Lemma 2.10. Let A and L be R-modules such that A is artinian and m n T m (L) = 
for some n 1. Fix an index t such that m*A = m t+1 A, and let s be an integer 
such that s ^ min(n,i). Then 

Rom R (A,L) Kom R (A/m s A, L) = Rom R {A/xa s A, (0 : L m s )). 

Proof. Given any map ip G HorrLR(j4/rrr s A, L), the image of ^ is annihilated by m s . 
That is, ImO) C (0 : L m s ); hence Rom R (A/m B A, L) = Rom R (A/m s A, (0 : L m s )). 
In the next sequence, the first and third isomorphisms are from Lemma ll.5[|b|) : 

Rom R {A,L) £ Hom R (4,r m (I)) £S Rom R (A/m s A, T m (L)) £ Honi/?( J 4/m' s ^4, L). 

For the second isomorphism, we argue by cases. If s ^ n, then we have m s r m (L) = 
because tn n r m (_L) — 0, and the isomorphism is evident. If s < n 1 then we 
have n > s ^ t, so m t A = m s A = m n A since m t A = m t+1 A; it follows that 
Rom R (A, r m (L)) Rom R {A/m n A, T m (L)) = Rom R (A/m s A, T m (L)). □ 

For the next result, the example Hom R (E,E) = R shows that the condition 
m n r m (i) = is necessary. 

Theorem 2.11. Let A and L be R-modules such that A is artinian andm n T m (L) — 
for some n ^ 1. Fix an index t ^ such that m*A = m t+1 A, and let s be an 
integer such that s ^ min(n,i). Then there is an inequality 

len R (Rom R (A,L)) ^ /3 R (A)\en R (0 : L m s ). 

Here, we use the convention • oo = 0. 

Proof. We deal with the degenerate case first. If f3 R (A) = 0, then A/mA = 0, so 

Rom R {A, L) = Homfl.(A/mA, L) = Hom^O, L) = 

by Lemma T2.10I So, we assume for the rest of the proof that j3 R (A) ^ 0. We also 
assume without loss of generality that len^(0 :l m s ) < oo. 
Lemma 12.101 explains the first step in the following sequence: 

\en R (Uom R (A,L)) = len H (Hom K (i/m 8 4, (0 : L m s ))) 

^(3 R (A/m s A) \en R (0: L m s ) 

= (3 R (A)\en R (0: L m s ). 

The second step can be proved by induction on (3 R (A/m s A) and lenj{(0 :l tn s ). □ 

The next result gives part of Theorem Q] from the introduction. Example 16.31 
shows that one should not expect to have \en. R (Ext l R (A, N)) < oo when i ^ 1. 

Corollary 2.12. // A and N are R-modules such that A is artinian and N is 
noetherian, then len/?(Hom#(A, N)) < oo. 

Proof. Apply Theorem 12.111 and Lemma Tl. 191 □ 

3. Properties of Torf(M, -) 

This section focuses on properties of the functors Torf (M, — ) where M is a 
mini-max i?,-modulc. 
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Artinianness of Tor? 1 (A, L). 

The next result contains part of Theorem [5] from the introduction. Recall that a 
module is artinian over R if and only if it is artinian over R; see Lemma 1 1.1 41 

Theorem 3.1. Let A and L be R-modules such that A is artinian. For each index 
i such that l3f"(L) < oo, the module To^ (A, L) is artinian. 

Proof. Lemma [1.13[fbT) implies that /i^(L v ) = f3f (L) < oo. By Remark 11.91 we 
have Ext^(A, L v ) = Torf (A, L) v . Thus, Torf (A, L) v is a noetherian ^-module by 
Theorem 12.21 and we conclude that Torf (A, L) is artinian by Lemma fl . 151Tb)) . □ 

For the next result, the example E ® R R = E shows that Torf (A, L) is not 
necessarily noetherian over R or R. 

Corollary 3.2. Let A and M be R-modules such that A is artinian and M mini- 
max. For each index i 0, the module Torf [A, M) is artinian. 

Proof. Apply Theorem 13.11 and Lemma Tl. 191 □ 

The proofs of the next two results are similar to those of Corollaries 12 .41 and 12.51 
The first result contains part of Theorem 2] from the introduction. 

Corollary 3.3. Let A and L be R-modules such that R/(Awn R (A) + Axm R (L)) is 
complete and A is artinian. For each index i ^ such that /3f (L) < oo, the module 
Torf (A, L) is artinian and Maths reflexive over R and R. 

Corollary 3.4. Let A and L be R-modules such that R/ (Aimn(A) + Ann^(L)) is 
artinian and A is artinian. Given an index i ^ such that /3f (L) < oo, one has 
len^Torf (A,L)) < oo. 

TorP(M, M') is Mini -max. 

Theorem 3.5. Let M and M' be mini-max R-modules, and fix an index i ^ 0. 

(a) The R-module Torf (M, M') is mini-max over R. 

(b) IfR/(Ann R (M)+Ann R (M')) is complete, then Torf (M, M') is Matlis reflexive 
over R and R. 

(c) If R/(Axm R (M) + Ann R (M' )) is artinian, then Torf (M, M') has finite length. 

Proof, ([ij) Choose a noetherian submodule ACM such that M/N is artinian. 
Lemmas [T21] and [THjcj) say that Torf (A, M') is mini-max. Corollary 13.21 implies 
that Torf (M/N, M') mini-max, so Torf (M, M') is mini-max by Lemma ri.24f[ cj). 
Parts (0 and (jcj) now follow from Lemmas 11.201 and 11.211 □ 

A special case of the next result is contained in Theorem 3] . 

Corollary 3.6. Let M and M 1 be R-modules such that M is mini-max and M' is 
Matlis reflexive. For each index i 0, the module Torf (M, M') is Matlis reflexive 
over R and R. 



Proof. Apply Theorem [33© and Fact [TTT8l 



□ 
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Length Bounds for A ®r L. 

Lemma 3.7. Let A be an artinian module, and let a be a proper ideal of R. Fix 
an integer t such that a 1 A = a t+1 A. Given an a-torsion R-module L, one has 

A® R L = {A/a 1 A) ® R L = {A/a 1 A) ® R (L/a*L). 

Proof. The isomorphism {A/a t A)®nL = {A/ a* A)®r{L / a* L) is from the following: 

{A/a 1 A) ® R L SS [{A/a* A) ® R {R/a*)} ® fl L 

Si {A/a 1 A) ® R [{R/a 1 ) ® R L] 

SS {A/a 1 A) ® H (L/o*L). 

For the isomorphism A ® R L = {A /a 1 A) ® R L, consider the exact sequence: 

-4 a 1 A -> A -> A/a* A -4 0. 

The exact sequence induced by — ®rL has the form 

(3.7.1) (a* A) ®rL -¥ A®rL -¥ {A/a 1 A) ® R L -> 0. 

The fact that L is a-torsion and a* A = a' + M for alii ^ 1 implies that (a* A) <8),r£ 
0. so the sequence (|3.7.1[) yields the desired isomorphism. □ 

The example E® R R = R shows that the m-torsion assumption on L is necessary 
in the next result. 

Theorem 3.8. Let A be an artinian R-module, and let L be an m-torsion R-module. 
Fix an integer t ^ such that m*A = m t+1 A. Then there are inequalities 

(3.8.1) len R {A ® R L) < len R (A/m'A) ${L) 

(3.8.2) len R (A ® R L) < /3 fl (A) len fl (L/m*X) . 
Here we use the convention • oo = 0. 

Proof. From Lemma 13.71 we have 

(3.8.3) A ®r L = (A/m*A) ®r {L/m f L). 

Lemmas 11.191 and 11.211 imply that \enR{A/m t A) < oo and (A) < oo. 

For the degenerate cases, first note that len#(A/m*A) = if and only if Pq(A) = 
0. When len^A/mM) = 0, the isomorphism (|3.8.3j) implies that A (g> R L = 0; 
hence the desired inequalities. Thus, we assume without loss of generality that 
1 < /3q(A) < \en R {A/m t A). Further, we assume that /3 R (L) < oo. 

The isomorphism (|3.8.3j) provides the first step in the next sequence: 

len R (A ® R L) = len R ((A/mU) ® R (L/m*L)) < Xe^A/m 1 A)!3 R {L). 

The second step in this sequence can be verified by induction on leiiR(A/m*A) and 
/3q(L). This explains the inequality (13.8.11) . and (13.8.21) is verified similarly. □ 

The next result contains part of Theorem [1] from the introduction. Example 16.41 
shows that one should not expect to have lenR(Tor^(A, A')) < oo when i ^ 1. 

Corollary 3.9. If A and A' are artinian R-modules, then len^(A (3r A') < oo. 

Proof. Apply Theorem 13.81 and Lemmas 11.191 and 11.211 □ 
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4. The Matlis dual of Ext^(L, L') 

This section contains the proof of Theorem [5] from the introduction; see Corol- 
lary 2TTTJ Most of the section is devoted to technical results for use in the proof. 

Lemma 4.1. Let L be an R-module. If I is an R-injective resolution of L, and 
J is an R-injective resolution of R ® R L, then there is a homotopy equivalence 

r m (i)^r m (j) = r mn (j). 

Proof. Each injective i?-module J' is injective over R; this follows from the isomor- 
phism Homjj(- , J') = Homfl(- , Hom^(_R, J')) = Hom^(R® R —, J') since R is fiat 
over R. Hence, there is a lift / :/—>• J of the natural map £: L — > R(£) R L. This 
lift is a chain map of i?-complexes. 

We show that the induced map T m (/) : r m (7) — > T m (J) = r _g( J) is a homotopy 
equivalence. As r m (7) and r m (J) are bounded above complexes of injective R- 
modulcs, it suffices to show that r m (/) induces an isomorphism on homology in each 
degree. The induced map on homology is compatible with the following sequence: 

H*(r m (J)) = W m (L) U m (R ® R L) = H*(r m (J)). 

The map Hj n (^): H m (L) —} H m (R <£) R L) is an isomorphism (see the proof of [SJ 
Proposition 3.5.4(d)]) so we have the desired homotopy equivalence. □ 

Lemma 4.2. Let L and L 1 be R-modules such that L is m-torsion. Then for each 
index i ^ 0, there are R-module isomorphisms 

Ex4(L, L 1 ) = Ext^(L, R ® R U) = Ext 4 ~(L, R ® R L'). 

Proof. Let I be an R- injective resolution of L' , and let J be an R- injective resolution 
of R®rL' . Because L is m-torsion, Lemma [T75l|b| explains the first, third and sixth 
steps in the next display: 

Homfl(L,/) = Hom fi (i ) r m (7)) ~ Hom R (i, T m ( J)) = Rom R (L,J) 
Hom fl (L,r m (J)) - Rom R (L,T mR (J)) = Rom R (L,T mR (J)) = Rom R (L,J). 

The homotopy equivalence in the second step is from Lemma |4. II The fifth step is 
from Lemma l"1.5lj gj). Since L is m-torsion, it is an )?-module, so the isomorphisms 
and the homotopy equivalence in this sequence are i?-linear. In particular, the com- 
plexes Honifl(L, /) and Hom^(L, J) and Hom^(L, J) have isomorphic cohomology 
over R, so one has the desired isomorphisms. □ 

The next result contains Theorem[3]from the introduction. It shows, for instance, 
that given artinian i?-modules A and A', there are noetherian R- modules N and 
AT' such that Ext R (A,A') = Ext~(iV, N'); thus, it provides an alternate proof of 
Corollary O 

Theorem 4.3. Let A and M be R-modules such that A is artinian and M is 
mini-max. Then for each index i ^ 0, we have Ext^j(j4, M) = Ext~(Af v , j4 v ). 

Proof. Case 1: R is complete. Let F be a free resolution of A. It follows that each 
Fi is flat, so the complex F v is an injective resolution of A y \ see |3 Theorem 3.2.9]. 
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We obtain the isomorphism Ext^(A, M) = ExV R (M v , A v ) by taking cohomology 
in the next sequence: 

Rom R (F, M) Si Hom fl (F, A/ vv ) Si Rom R [M v , F w ). 

The hrst step follows from the fact that M is Matlis reflexive; see Fact 11.181 The 
second step is from Hom-tensor adjointness 

Case 2: the general case. The first step below is from Lemma [ 



Ext R (A, M) Si Ext^A, R® R M) Si Ext~((i? ® R M) V ,A V ) = Ext~(M v , A v ). 

Here (— ) v — Hom^(- , E). Since M is mini-max, it follows that R® R M is mini-max 
over R. Thus, the second step is from Case 1. For the third step use Hom-tensor 
adjointness and Lemma QSDjgj) to see that (R <g> R M) v Si M v and A" Si A v . □ 

Fact 4.4. Let L and L' be i?-modules, and fix an index i ^ 0. Then the following 
diagram commutes, where the unlabeled isomorphism is from Remark 11.91 

Extf R (L', L) Extk(L '- L \ Ex4(i', L) vv 



Ext* fl (L',Z vv ) = ^Torf( J L',i v ) v . 

Lemma 4.5. Let L be an R-module, and fix an index i ^ 0. If /J? R (L) < oo, then 
the map Ext^(fe, Sl) : Ext R (k,L) —¥ Ext^(/c,L vv ) is an isomorphism. 

Proof. The assumption fJ, R (L) < oo says that Ext R (k,L) is a finite dimensional 
k- vector space, so it is Matlis reflexive over R; that is, the map 

5 ExtUKL) : Ext R (k,L) ^Extj,(fc,i) vv 

is an isomorphism. Since k is finitely generated, Remark 11.91 implies that 

& kL : Torf(fc,L v )->Ext^(fc,L) v 

is an isomorphism. Hence (6fei) v is also an isomorphism. Using Fact 14.41 with 
L' = k, we conclude that Ext^(&, Sl) is an isomorphism, as desired. □ 

Lemma 4.6. Let A and L be R-modules such that A is artinian. Fix an index 
i such that H l R (L) and i/ R (L) are finite. Then the map 

Ext R (A, S L ) : Extjj(A, L) -> Ext R (A, L vv ) 

is an isomorphism. 

Proof. Lemma 14.51 implies that for t — i — 1, i,i + 1 the maps 
Ext* fl (fc, S L ) : Ext R (k, L) -> Ext R (k, L vv ) 
are isomorphisms. As the biduality map Sl is injective, we have an exact sequence 
(4.6.1) ->■ L ^ L vv -> Coker S L -> 0. 

Using the long exact sequence associated to Ext R (k, — ), we conclude that for t — 
i — l,i we have Ext R (k : Coker Sl) = 0. In other words, we have /z^(Coker Sl) = 0. 
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Let J be a minimal injective resolution of Cokcr Sl- The previous paragraph 
shows that for t = i — l,i the module J* does not have £ as a summand by 
Remark ll.lll jgj). That is, we have r m (J*) = 0, so Lemma IT75t|b|) implies that 

Rom R (A, J*) SS Hom fl (A,r m (J t )) = 0. 

It follows that Ext R (A, Coker (<$£,)) = for t = i — 1, i. From the long exact sequence 
associated to ~Ext R (A, — ) with respect to (14.6.11) . it follows that F,xt R (A, 8l) is an 
isomorphism, as desired. □ 

We are now ready to tackle the main results of this section. 

Theorem 4.7. Let A and L be R-modules such that A is artinian. Fix an index 
i such that /i^~ 1 (L) ; [i l R (L) and tf R (L) are finite. 

(a) There is an R-module isomorphism Ext^(A, L) v = Tor^(A, L v ) where (—) v = 
Bom n (-,E). 

(b) If R/(Axuir(A) + Ann^(L)) is complete, then Q\ L provides an isomorphism 
Torf(A,i v )-Ext^(A,L) v . 

Proof, (fbj) Corollary |2.4l and Lemma \A. 61 show that the maps 

<W H (A,L) : Ex4(A L) Ext^A, L) vv 

Ext R (A, S L ) : Ext R {A, L) -> Ext R {A, L vv ) 

are isomorphisms. Fact 14.41 implies that (0^) v is an isomorphism, so we conclude 
that Q\ L is also an isomorphism. 

(jaj) Lemma 14.21 explains the first step in the next sequence: 

Ext^,(A, L) v * Ext^A, R ® fl L) v 

= Torf(A, (R ® R L) V ) 

= Torf(A, (R® R L) V ) 

= Torf(A,i V ). 

The second step is from part JEJ), as R is complete and <%>r L) = Hr{L) < oo 

for t = i — + 1. The fourth step is from Hom-tensor adjointness. For the 
third step, let P be a projective resolution of A over R. Since i? is fiat over R, the 
complex R®rP is a projective resolution of R®r A = A over i?; see Lemma fl~4Tp i). 
Thus, the third step follows from the isomorphism (R ®r P) ®^ (R <3r L) v = 

p®r(r® r l) v . a 

Question 4.8. Do the conclusions of Lemma |4"1)1 and Theorem 14. 71 hold when one 
only assumes that ^i R {L) is finite? 

Corollary 4.9. Let A and M be R-modules such that A is artinian and M is 
mini-max. For each index i ^ 0, one has Ext R (A,M) v = Tor^(A, M v ), where 
(-)* =Uom n (-,E). 

Proof. Apply Theorem 14 .7fe l) and Lemma Tl. 191 □ 

Theorem 4.10. Let M and M' be mini-max R-modules, and fix an index i 0. 
If R/ (AmiR (M) + Aiuir (M' )) is complete, then Q\ IM i is an isomorphism, so 

Ext R (M,M') v = Ext R (M,M') v = Torf (M,M /V ) 



16 



BETHANY KUBIK, MICAH J. LEAMER, AND SEAN SATHER-WAGSTAFF 



where (—) v = Hom^(— ,E). 

Proof. Theorem l2.81jaj) implies that Ext R (M, M') is Matlis reflexive over R, so 
LemmaOdl and Fact 02 imply that Ext R (M, M') v = Ext R (M,M') v . Thus, it 
remains to show that Q\,jm' ' IS an isomorphism. 

Case 1: M is noetherian. In the next sequence, the first and last steps are from 
Hom-tensor adjointness. The second step is standard since M is noetherian: 

Ext R (M, M'Y [R ® R Ext R (M, M')) v 

S Ext^(E <E> R M,R<E) R M'Y 

S Torf ® fl M, (i? ® fl Af')") 

Slbrf(Af,(fl® fl M') 1 ') 
= Torf(M,M /v ). 

Since M and M' are mini- max over R, the modules R®rM and R®rM' are Matlis 
reflexive over f?; see Fact 11.181 Thus [1] Theorem 4(c)] explains the third step. The 
fourth step is from the fact that R is flat over R. Since these isomorphisms are 
compatible with 0^,, it follows that Q\,im> ^ s an isomorphism. 

Case 2: the general case. Since M is mini-max over R, there is an exact sequence 
of i?-modules homomorphisms — > N — > M — > A — > such that N is noether- 
ian and A is artinian. The long exact sequences associated to Tor R (— ,M' V ) and 
Ext R (— , M') fit into the following commutative diagram: 

> Torf (N, M' y ) ^ Torf (Af, M' v ) > Torf (A, M' v ) ^ ■ • • 



»- Extjj(/V, M') v ^ Ext R (M, M'Y *■ Ext* iJ (A, M'Y »- 

Case 1 shows that 0]y M / and O^m' are isomorphisms. Theorem 14. 7lfb1) implies that 
6Jj M , and Q^am 1 are isomorphisms. Hence, the Five Lemma shows that ©a/a/' 1S 
an isomorphism. □ 

The next result contains Theorem [5] from the introduction. A special case of it 
can be found in [2] Theorem 3]. 

Corollary 4.11. Let M and M' be mini-max R-modules, and fix an index i 0. 
If either M or M' is Matlis reflexive, then &\jm' * s an isomorphism, so one has 
Ext R (M,M'Y = Ext R (M,M'Y = Torf {M,M N ), where (-) 1 ' = Homg (-,#). 

Proof. Apply Theorem [4T0] and Fact [TTT8J □ 

The next example shows that the modules Ext^(i,i') v and Torf (L,L' V ) are 
not isomorphic in general. 

Example 4.12. Assume that R is not complete. We have Axm R (E) = 0, so the 
ring R/ Axm R {E) = R is not complete, by assumption. Thus, Fact 11.181 implies 
that E is not Matlis reflexive, that is, the biduality map Se- E «-> E vv is not an 
isomorphism. Since E wv is injective, we have 75 vv = E J for some non-zero 
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injective i?-module J. The uniqueness of direct sum decompositions of injective 
.R-modules implies that i? vv ^ E. This provides the second step below: 

Kom R {E,Ey ^E vv ^ E = E ® R R = E ® R E y . 

The third step is from Lemma [L4Jgj) , and the remaining steps are standard. 

5. Vanishing of Ext and Tor 

In this section we describe the sets of associated primes of HorriR(A,M) and 
attached primes of A <S> R M over R. The section concludes with some results on 
the related topic of vanishing for Ext R (A, M) and Torf (A, M). 

Associated and Attached Primes. 

The following is dual to the notion of associated primes of noetherian modules; see, 
c-g-, HI] or [HI Appendix to §6] or jl4] . 

Definition 5.1. Let A be an artinian i?-module. A prime ideal p € Spec(i?) is 
attached to A if there is a submodulc A 1 C A such that p = Ann R (A/A'). We let 
Att R (A) denote the set of prime ideals attached to A. 

Lemma 5.2. Let A be an artinian R-module such that Rj Aim R (A) is complete, 
and let N be a noetherian R-module. There are equalities 

Su PPk (A v ) = U peAsSH(A v ) F(p) = U peAtta(A) V(p) 

Att R (N v ) = Ass R (N) 

Attfl(A) = Ass R (A v ). 

Proof. The R- module A v is noetherian by Lemma [1.15[j cD. so the first equality is 
standard, and the second equality follows from the fourth one. The third equality 
is from [TH (2.3) Theorem]. This also explains the second step in the next sequence 

Attfl(A) = Att fl ,(A vv ) = Assfl.(A v ) 

since A v is noetherian. The first step in this sequence follows from the fact that A 
is Matlis reflexive; see Fact 11.181 □ 

The next proposition can also be deduced from a result of Melkersson and Schen- 
zel [131 Proposition 5.2]. 

Proposition 5.3. Let A and L be R-modules such that yP R (L) < oo and A is 
artinian. Then 

Ass g (Hom fi (A,L)) - Ass^(A v ) n Su PPi? (r m (L) v ) - Att g (A) n Supp fi (r m (i) v ). 

Proof. The assumption H R (L) < oo implies that r m (L) is artinian. This implies 
that r m (L) v is a noetherian i?-module, so a result of Bourbaki [1J IV 1.4 Proposition 
10] provides the third equality in the next sequence; see also [51 Exercise 1.2.27]: 

Ass R (Rom R (A,L)) = Ass^Hom^A, T m (L))) 

= Ass 3 (Hom s (r m (L) v ,A v )) 

= As Sj? (A v )nSupp s (r m (L) v ) 
= Att i? (A)nSupp i? (r m (i) v ). 

The remaining equalities are from Lemmasll.5l|b|. [2~Tlj a|. and !5.2[ respectively. □ 
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Corollary 5.4. Let M and M' be mini-max R-modules such that the quotient 
R/(Ann R (M) + Ann R (M')) is complete. 

(a) For each index i > 0, one has Ext^(Af,M') ^ Ext l fl (M' v , M v ). 

(b) If M' is noetherian, then 

Ass^(Hom fl (M,M')) = Att j? (Af' v ) n Sup Pj? (r m (Af v ) v ). 

Proof, (jaj) The first step in the next sequence comes from Theorem 12. 8fe j): 

Ext^(M, M') S Ex4(M, Af') vv = (Torf (M, M /V )) v S Extjj(Af v , Af v ). 

The remaining steps are from Theorem 14.101 and Remark 11.91 respectively. 

(jbj) This follows from the case i = in part (jaj) because of Proposition [231 □ 

Proposition 5.5. Let A and L be R-modules such that A is artinian and /3q(L) < 
oo. Then 

Att R (A ® R L) = As Sj? (A v ) n Su PP ^(r m (L v ) v ) = Att s (A) D Supp fi (r m (£ v ) v ). 

Proof. Theorem 13.11 implies that A ® R L is artinian. Hence, we have 

Hom^(A ®r L, E) = Rom R (A ® R L, E) = Rom R (A, L v ) 

by Lemma ll.5ljsil . and this explains the second step in the next sequence: 

Mtft(A ® R L) = Ass^(Hom^(A ® R L,E)) = Ass^(Hom fl (A, L v )) 

The first step is from Lemma [S~2l Since /i R (L v ) < oo by Lemma [I.13l|b"l) . we obtain 
the desired equalities from Proposition [573] □ 

Next, we give an alternate description of the module r m (i) v from the previous 
results. See Lemma 15.21 for a description of its support. 

Remark 5.6. Let L be an i?-module. There is an isomorphism T m (L) v = L y . In 
particular, given a noetherian i?-module N, one has r m (iV v ) v = R ® R N. When 
R is Cohen-Macaulay with a dualizing module D, Grothendieck's local duality 
theorem implies that T m (A) v = R® R Ext R im{R \N, D); see, e.g., Theorem 3.5.8]. 
A similar description is available when R is not Cohen-Macaulay, provided that it 
has a dualizing complex; see [5J Chapter V, §6]. 

Vanishing of Horn and Tensor Product. 

For the next result note that if L is noetherian, then the conditions on (i R (L) 
and R/(Ann R (A) + Ann R (T m (L))) are automatically satisfied. Also, the example 
Hom R (E, E) = R when R is complete shows the necessity of the condition on 
R/(Ann R (A) + Ann R (T m (L))). 

Proposition 5.7. Let A be an artinian R-module. Let L be an R-module such that 
R/ (Aim R (A) + Annfj(r m (L))) is artinian and lA(L) < oo. Then Hom R (A, L) = 
if and only if A = mA or T m (L) = 0. 

Proof. If r m (L) = 0, then we are done by Lemma li.5l|b")) . so assume that T m (L) ^ 
0. Theorem 12.21 and Lemma [1.211 show that Hom R (A,L) has finite length. Thus 
Proposition 15.31 implies that Hom R (A, L) ^ if and only if mi? S Ass^(A v ), that 
is, if and only if depth^(A v ) = 0. Lemma [1.13f lcf shows that depth^(A v ) = if 
and only if mRA ^ A, that is, if and only if mA ^ A. □ 

For the next result note that the conditions on L are satisfied when L is artinian. 
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Proposition 5.8. Let A be an artinian R-module, and let L be an m-torsion R- 
module. The following conditions are equivalent: 

(i) A® R L = 0; 

(ii) either A = mA or L = mL; and 

(iii) either depth fl (yl v ) > or depth Jt (L v ) > 0. 

Proof. (0) ^==> (Ju]) If A ® R L = 0, then we have 

= \cn R (A ® R L) > p R (A)f3 R (L) 

so either fi R (A) = or fi R {L) = 0, that is A/mA = or L/mL = 0. Conversely, 
if A/mA = or L/mL = 0, then we have either f3 R (A) = or f3 R (L) = 0, so 
Theorem 13.81 implies that len^(A ® R L) = 0. 

The implication §a§ (|mj) is from Lemma fl - 1 3 fe f ■ ^ 

The next result becomes simpler when L is artinian, as r m (L) = L in this case. 

Theorem 5.9. Let A and L be R-modules such that A is artinian and H R {L) < oo. 
The following conditions are equivalent: 



(i 
(ii 
(iii 
(iv 
(v 
(vi 
(vii 



Rom R (A,L) = 0; 
Rom R (A,T m (L)) =0; 
Hom fi (r m (L) v ,A v ) =0; 

there is an element x G Anna(r m (L)) such that A = xA; 
Ann n (T m (L))A = A; 

Ann^(r m (L)) contains a non-zero-divisor for A y ; and 

Att j? (A)nSup Pi? (r m ( J L) v ) = 0. 

Proof. The equivalence © <^=4> (JTT]) is from Lemma [TT5l fb|) . The equivalence (fTTJ) 
(jviij) follows from Proposition 15. 3j and the equivalence fnj <=> (jmj) follows from 
Lemma [2.1f [ajl. The equivalence (JTvJ) <J=^ (|vi|) follows from the fact that the map 
A -H» A is surjective if and only if the map A v — > A v is injective. The equivalence 
(jvj) dvlj) follows from Lemma [1.13[ parts (jej) and (jej). 

The module r m (L) is artinian as n H (L) < oo. Since A v and T m (L) v are noether- 
ian over R, the equivalence dm} (JvIJ) is standard; see Proposition 1.2.3]. □ 

As with Theorem 15.91 the next result simplifies when L is noetherian. Also, see 
Remark 15.61 for some perspective on the module r m (L v ) v . 

Corollary 5.10. Let A be a non-zero artinian R-module, and let L be an R-module 
such that j3 R {L) < oo. The following conditions are equivalent: 

(i) A® R L = Q; 

(ii) Ann R (T m (L^)A = A; 

(iii) there is an element x £ Anng(r m (L v )) such that xA = A: 

(iv) Amijj(r m (L v )) contains a non-zero-divisor for A v ; and 

(v) ktt n {A) n Supp s (r m (L v ) v ) = 0. 

Proof. For an artinian R- module A' , one has Att^(A') = if and only if A' = 
by Lemma 1531 Thus, Proposition 15.51 explains the equivalence (JTJ) (jvj); see [HI 
Corollary 2.3]. Since one has A ® R L = if and only if (A ®# L) v — 0, the 
isomorphism (A ® R L) v = Hom R (A, L v ) from Remark 11.91 in conjunction with 
Theorem 15.91 shows that the conditions (0)-(|iv]) are equivalent. □ 
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Depth and Vanishing. 

Proposition 5.11. Let A and L be R-modules such that A is artinian. Then 
Exi R (A,L) = for all i < depth fl (L). 

Proof. Let J be a minimal i?-injective resolution of L, and let i < depth^(L). 
It follows that Ext^(fe, L) = 0, that is fi R (L) = 0, so the module E does not 
appear as a summand of ,P . As in the proof of Theorem I2.2[ this implies that 
Hom fl (A, J) 1 = 0, so Ext^(A, L) = 0. □ 

The next example shows that, in Proposition 15 . 1 II one may have Ext^.(A, L) = 
when i = depth fl (L). See also equation (|5.14.1[) . 

Example 5.12. Assume that depth(i?) > 1. Then mE — E by Lemma H.13tj cj). so 
Lemma \2. 101 implies that 

Ext° R (E, k) = Hom fl (£, k) = Rom R (E/mE, k) = 

even though depth fl (fc) = 0. 

Proposition 5.13. Let A and L be R-modules such that A is artinian. Then for 
all i < depths (L v ) one has Torf (A, L) = 0. 

Proof. When i < depth fl (L v ), one has Torf(A,L) v = Ext^(A,L v ) = by Re- 
mark O and Proposition EHU so Torf (A, L) = 0. □ 

Theorem 5.14. Let A and A' be artinian R-modules, and let N and N' be noe- 
therian R-modules. Then one has 

(5.14.1) depthg(Anng(A'); A v ) = inf{z ^ | Ext R (A, A') =f 0} 

(5.14.2) depths ; (Ann fl (A' ); A v ) = m£{i ^ | Ex^ R (A, A ,v ) ^ 0} 

(5.14.3) depths (Ann R (N'); N) = inf{z ^ | Ext R (N v ,N ,v ) ^ 0}. 
Proof. We verify equation (|5.14.1[) first. For each index i, Theorem 14.31 implies that 

Ex4(A^') = Ext R (A' v , A v ). 
Since A v and A' v are noetherian over R, this explains the first equality below: 
inf{z | Ext R (A, A') ^ 0} = depth R ( Ann R {A' y ); A v ) = depth n {Ann R (A'); A v ). 

The second equality is standard since A N = Hom^(A', E) by Lemma ri.5[p j). 

Next, we verify equation (15.14. 2\ . Since A' v is artinian, equation (|5.14.1I) shows 
that we need only verify that 

(5.14.4) depth^(Ann s (Ar /v ); A v ) = depths {Arm R {N'); A v ). 
For this, we compute as follows: 

(1) ~ (2) 

R<S> R N' = Kom R -Qlom R -{R® R N',E),E) Kom R (N' v , E). 

Step (1) follows from the fact that R®r N 1 is noetherian (hence, Matlis reflexive) 
over R, and step (2) is from Hom-tensor adjointness. This explains step (4) below: 

Ami£(A ,v ) ® Ann^Hom^A^, E)) ( 4 } Ann R {R® R N') ( = } Ann R {N')R. 
Steps (3) and (5) are standard. This explains step (6) in the next sequence: 

depth s (Ann s (A' v ); A v ) ( = } depth R (Ann R {N')R; A v ) ( = depth R (Ann R (N'); A v ). 
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Step (7) is explained by the following, where step (8) is standard, and step (9) is a 
consequence of Hom-tensor adjointness: 

. _ (8) . _ 

Ext l ~(R/ Ann R {N')R,A v ) = Ext~(i? ® R (R/ Ann R (N')), A v ) 

(9) 

£* E^(R/Ann R (N'),A v ). 

This establishes equation (|5.14.4I) and thus equation (15.14. 2[) . 
Equation (|5.14.3[) follows from (|5.14.2[) because we have 

depths (Ann fl (TV') ;7V VV ) = widths (Ann R (N') ; N w ) = depth R ( Ann R {N N) 
by Lemma I"l.l3l( aj). □ 

Corollary 5.15. Let A and A' be artinian R-modules, and let N and N' be noe- 
therian R-modules. Then 

(5.15.1) de P th s (Ann 5 (A'); A v ) = inf{i > | Torf (A, A' v ) ^ 0} 

(5.15.2) depths (Ann R (AT') ; ,4 V ) = inf{i > | Torf (A, N') + 0} 

(5.15.3) depths (Ann fl (A'); N) = inf{z ^ | Torf (A v , N') ^ 0}. 

Proof. We verify equation (|5. 15.11) ; the others are verified similarly. 

Since Ext R (A,A') ^ if and only if Honig(Ext^(A, A'), E) ^ 0, the isomor- 
phism Homg(Ext^.(A, A'), E) = Torf (A, A' v ) from Corollary 1431 shows that 

inf {i > | Ext R (A, A') ^ 0} = inf{t ^ | Torf (A, A' v ) ^ 0}. 
Thus equation (|5.15.1j) follows from (|5.14.ip . □ 



6. Examples 

This section contains some explicit computations of Ext and Tor for the classes 
of modules discussed in this paper. Our first example shows that Ext R (A, A') need 
not be mini-max over R. 

Example 6.1. Let k be a field, and set R = k[Xi, . . . , Xd](x 1 ....,x d )- We show 
that Hom R (E, E) = R is not mini-max over R. Note that R is countably generated 
over k, and R = k\X\, . . . , is not countably generated over k. So, R is not 
countably generated over R. Also, every artinian i?-module A is a countable union 
of the finite length submodules (0 :a fn n ), so A is countably generated. It follows 
that every mini-max i?-module is also countably generated. Since R is not countably 
generated, it is not mini-max over R. 

Our next example describes Ext R (A, A') for some special cases. 

Example 6.2. Assume that depth(i?) ^ 1, and let A be an artinian i?-module. 
Let x € m be an i?-regular element. The map E A E is surjective since E is 
divisible, and the kernel (0 :e x) is artinian, being a submodule of E. Using the 
injective resolution — >• E E — » for (0 :j i), one can check that 

!(0 : A v x) if i = 
A v /xA v if i = 1 
if i ^ 0,1. 
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For instance, in the case A = (0 :e x), the isomorphism (0 :e x) y = R/xR implies 
Ext l fl ((0:j5a;),(0 : E x)) S 



R/xR if i = 0, 1 
if «^ 0,1. 



On the other hand, if a;, y is an i?-regular sequence, then (0 :e vY — R/yR', it 
follows that x is (0 \e y) v -regular, so one has 



Ext* fl ((0 : E y), (0 : E x)) £* 



R/(x,y)R if i = 1 
ifi^l. 



The next example shows that Ext^(A, iV) need not be mini-max over i?. 

Example 6.3. Assume that R is Cohen-Macaulay with d = dim(ii), and let A be 
an artinian R- module. Assume that R admits a dualizing (i.e., canonical) module 
D. (For instance, this is so when R is Gorenstein, in which case D = R.) A minimal 
injective resolution of D has the form 

J= Uht( P )=o E R (R/p) Uht( P )= d -i MR/P) -^E^O. 

In particular, we have F m (J) = (0— > ^ — > — > E ^ 0) where the copy 
of E occurs in degree d. Since B.omn(A, J) = Hom^(^4, r m ( J)), it follows that 



Extfl(A, D) 



A v if i = d 
if i ^ d. 



Assume that d ^ 1, and let x € m be an i?-regular element. It follows that the 
map D — > D is injective, and the cokernel D/xD is noetherian. Consider the exact 
sequence — > D D — > D/xD — > 0. The long exact sequence associated to 
ExtJj(A, -) shows that 

{(0 : A v a;) if i = d — 1 
A v /xA v if » = d 
ifi^d-l,d. 

As in Example 16.21 we have (0 :e x) v = R/xR and 
Extjj((0 : E x),D/xD) 

I u 

Also, if x, y is an 7?-regular sequence, then (0 :e J/) v — R/yR and 
Ext* fl ((0 :e y),D/xD) = 



R/xR ifi = d-l,d 
\fij=d-l,d. 



R/{x,y)R ]£i = d 
if i ^ d. 



Next, we show that Torf (A, A 1 ) need not be noetherian over R or R. 

Example 6.4. Assume that R is Gorenstein and complete with d = dim(i?). 
(Hence D = R is a dualizing i?-module.) Given two artinian R- modules A and 
A', Theorem 13.11 implies that Torf^A, A') is artinian, hence Matlis reflexive for 
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each index i, since R is complete. This explains the first isomorphism below, and 
Remark 11.91 provides the second isomorphism: 

Tovf(A,E) - Tor? (AEr = Ext^A^T = Extk(A,i?) v - = * 

10 it t f= a. 

Example 16.31 explains the fourth isomorphism. Assume that d 1, and let x € m 
be an i?- regular element. Then (0 x) v = R/xR, so Example 16.31 implies that 

{A/xA if i = d - 1 
(0 : A x) if i = d 
i£i^d-l,d 

r> . . .. (0 :e i) if i = d — l.d 

I„?((»:«4(0:»))^ , tM(J _ M . 

On the other hand, if x, y is an i?-regular sequence, then 



Torf ((0 : E y), (0 : E x)) = 



f (R/(x, y)R) v s* E mX)V)R (k) if i = d 
1° 



if i ^ d. 



Lastly, we provide an explicit computation of E ®r E. 



Example 6.5. Let fc be a field and set R = k{X, Y}/(XY, Y 2 ). This is the comple- 
tion of the multi- graded ring R' — k[X, Y]/(XY, Y 2 ) with homogeneous maximal 
ideal m' = (X, Y)R'. The multi-graded structure on R! is represented in the fol- 
lowing diagram: 



R! 



where each bullet represents the corresponding monomial in R '. It follows that 
E = Eri (fc) = fcLY~ x ] © kY^ 1 with graded module structure given by the formulas 



X • 1 = 
Y ■ 1 = 



X -x~ n = x l 



X ■ Y- 1 = 



Y ■ Y- 



1 



Y -X- 



for n ^ 1. Using this grading, one can show that mE = m'E 
m 2 E = mE. These modules are represented in the next diagrams: 



kiX- 1 ) and 



E 



mE 



It follows that E/mE = fc, so Lemma \3 . 71 implies that 

E ®r E = (E/mE) ® R (E/mE) ^ fc ®_r fc ^ fc. 

A similar computation shows the following: Fix positive integers a, 6, c such that 
c > b, and consider the ring S = k{X, YJ/(X a Y b , Y c ) with maximal ideal n and 
E s = E s (k). Then n c - b E s = n c - b+1 E s and we get the following: 

E s /n c - b E s S S"/(A a , y c - fc )5 S fc[X, F]/(X a , r c - fc ) 

£ s ® s £ 5 S (£ s /n c - fc £ 5 ) ® 5 (S s /n c - b Ss) = ^/(A a ,y c - b )5. 
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